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We study a model of frustration of deoherene in an open quantum system. Contrary to other
dissipative ohmi impurity models, suh as the Kondo model or the dissipative two-level system, the
impurity model disussed here never presents overdamped dynamis even for strong oupling to the
environment. We show that this unusual eet has its origins in the quantum mehanial nature
of the oupling between the quantum impurity and the environment. We study the problem using
analyti and numerial renormalization group methods and obtain expressions for the frequeny and
temperature dependene of the impurity suseptibility in dierent regimes.
PACS numbers: 03.67.Pp, 03.65.Yz, 03.67.Lx
I. INTRODUCTION
In physis there is a large lass of problems that an
be desribed in terms of a single quantum mehanial de-
gree of freedom interating with an environment. Exam-
ples range from magneti impurities in metals, superon-
dutors, and magnets, marosopi quantum tunneling
in superonduting interferene devies (SQUIDS) and
moleular magnets
1
, to qubits in quantum omputers
2
.
The ommon thread between all these problems is the
dramati eet that the dissipation has on the quantum
dynamis of the impurity
3
. In partiular, one of the most
important eets of an environment on a quantum sys-
tem is deoherene, that is, the destrution of quantum
mehanial eets. Deoherene is the unavoidable on-
sequene of the fat that no system in nature is really
isolated.
Impurity problems an be often redued to an ee-
tive one-dimensional boundary problem that allows the
use of powerful non-perturbative theoretial tehniques.
The Kondo model is probably one of the best known im-
purity problems and has been studied with a large num-
ber of theoretial tools, from the exat solution via Bethe
ansatz
4
, numerial renormalization group
5
, to onformal
eld theory
6
. The Kondo problem represents a universal-
ity lass of open quantum systems where dissipation and
deoherene play a fundamental role. In its anisotropi
form, the Kondo eet an be mapped via dimensional re-
dution and abelian bosonization to the ohmi dissipative
two-level system (DTLS) problem
7
. The Kondo eet
an be thought as a situation where deoherene is ex-
treme, in the sense that the spin is ompletely sreened by
the environmental exitations in the formation of the so-
alled Kondo singlet. Moreover, impurities an be used
as probes for the understanding of the environment itself
and in some ases an even determine the properties of
the environment in a self-onsistent manner. This ours
in the ase of the dynamial mean-eld theories (DMFT)
where the solution of a many-body problem redues to
the solution of a self-onsistent impurity problem
8
. Fur-
thermore, systems where the ompetition between dier-
ent phases of matter lead to the appearane of magneti
inhomogeneities (suh as in the ase of Griths-MCoy
singularities in heavy fermion alloys) an many times be
redued to eetive impurity problems
9
.
In this paper we are going to desribe a model for open
quantum systems that annot be desribed within the
Kondo universality lass. This model desribes an eet
that we all frustration of deoherene where deoher-
ene is redued by a pure quantum mehanial eet. It
is important, therefore, that one understands the physis
behind the standard model of dissipation desribed by
the Kondo or the DTLS and how it relates to the prob-
lem of deoherene. Sine the onnetion between the
Kondo problem and deoherene is not ommonly dis-
ussed in the literature we will review some of the key
features of the DTLS and its onnetion with the prob-
lem of deoherene.
The DTLS an be desribed as a single spin half, S =
(S1, S2, S3), oupled to a set of independent harmoni
osillators via the Hamiltonian (we use units suh that
~ = 1 = kB):
HDTLS = ∆S3 +
iλ√
2L
S1
∑
k>0
√
k(ak − a†k)
+
∑
k
vka†kak, (1)
where ∆ is the tunnel splitting between the eigenvalues
of S1, λ is the oupling to an environment of bosons
with one-dimensional momentum k, and energy disper-
sion ωk = vk (v is the veloity of the exitations that
we set to unity, v = 1, from now on) and reation and
annihilation operators a†k and ak, respetively (L is the
linear size of the system). The operators obey anonial
2ommutation relations:
[ak, a
†
k′ ] = δk,k′
[Si, Sj ] = iǫijkSk (2)
where ǫijk is the Levi-Civita antisymmetri tensor. In
this model one assumes a ut-o energy Λ, where Λ is
some non-universal quantity that is assoiated with mi-
rosopi properties of the bath (Λ is usually proportional
to the inverse of the lattie spaing a).
The physis desribed by Hamiltonian (1) an be sum-
marize as follows. When
~S is deoupled from the en-
vironment (λ = 0) one has an isolated spin problem in
the presene of a magneti eld proportional to ∆. If at
ertain time t = 0 the spin is prepared in an eigenstate of
S1, the magneti eld indues transitions between the
eigenstates of S1 and the expetation value of the op-
erator S1, namely, 〈S1(t)〉, osillates harmonially with
frequeny ∆. There is no release mehanism for the en-
ergy in the spin. By swithing on a small oupling to the
bath of osillators, the harmoni osillations of 〈S1(t)〉
beome underdamped due to the dissipation. Seond or-
der perturbation theory indiates that the behavior of the
system depends on a dimensionless oupling α = λ2/8π.
For α < 1/2 there are two main eets10: the slow modes
of the bath, that annot follow the motion of the spin,
lead to damping and therefore to an exponential deay of
〈S1(t)〉; the fast modes of the bath, that an follow the
motion of the spin, lead to a new renormalized osillation
frequeny ∆R < ∆. For α > 1/2 there is a rossover to
an overdamped regime where osillations disappear (ef-
fetively ∆R → 0) and only exponential deay ours.
Finally, at α = 1 there is a true quantum phase transi-
tion, where the the impurity spin beomes loalized in
one of the eigenstates of S1. In the Kondo language the
hange from deloalized to loalized is equivalent to a
Kosterlitz-Thouless transition (KT) between the Kondo
problem with ferromagneti oupling (that has a triplet
ground state) and the Kondo problem with antiferromag-
neti oupling (with a singlet as ground state).
One of the most illuminating ways to desribe the KT
transition is via a perturbative renormalization group
(RG) alulation in leading order in ∆/Λ ≪ 1. The
RG proeeds in two steps. In the rst step one redues
the ut-o energy of the bosoni bath from Λ to Λ− dΛ
by traing out high energy degrees of freedom. In a
seond step the dimensionless oupling onstants α and
h = ∆/Λ are resaled to the new ut-o leading to the
RG equations
7
:
dα
dℓ
= −h2α , (3a)
dh
dℓ
= (1− α)h (3b)
where dℓ = dΛ/Λ. Thus, for α > 1 the system sales
under the RG to weak oupling (h(ℓ) → 0), and at low
energies the tunneling splitting ∆(ℓ) sales towards zero
leading to loalization. Conversely, for α < 1 the ou-
plings sales towards strong oupling (h→∞) indiating
that RG breaks down. The renormalization sheme fails
at a ertain energy sale (that is, the value of ℓ = ℓ∗ for
whih h(ℓ∗) ≈ 1). This harateristi sale is alled the
Kondo temperature that an be obtained diretly from
(3) as: TK ≈ Λ(∆/Λ)1/(1−α). In the Kondo problem, for
frequenies and temperatures below TK there is no remi-
nisene of the original impurity spin. This is an extreme
example of deoherene.
Although the RG equations learly aptures the
asymptoti behavior of the spin dynamis, in order to
observe the ross-over from underdamping to overdamp-
ing, one has to look at the frequeny and temperature
dependene of the spin orrelation funtions. This is even
more important in the ontext of deoherene, sine we
are interested in measuring observables assoiated with
the loal degrees of freedom, not with the environment.
In a spin problem, a partiular apropos objet is the im-
purity transverse suseptibility that is given by:
χ⊥(ω) = −i
∫ ∞
0
dt
2π
eiωt〈[S1(t), S1(0)]〉 . (4)
The imaginary part of χ(ω), χ′′(ω), is a measure of the
amount of energy that is dissipated from the spin into the
environment. In the absene of oupling to the environ-
ment (λ = 0 in (1)) we have χ“(ω) ∝ δ(ω−∆) indiating
the spin osillates freely with frequeny∆. When λ > 0
two dierent eets our in the frequeny behavior of
χ′′(ω)/ω: (1) instead of a Dira delta funtion one nds
a broadened peak and χ′′(ω)/ω beomes nite at ω = 0,
indiating that the osillations beome damped; (2) the
maxima moves from ∆ to a renormalized value ∆R due
to dressing of the spin by fast environmental modes. In
the DTLS, the value of χ“(ω)/ω|ω→0 and its width δω are
set by the TK : χ
“(ω)/ω|ω→0 ∝ 1/T 2K and δω ∝ TK . In
partiular, in the overdamped regime (α > 1/2) the peak
in χ“(ω) at nite frequeny vanishes ompletely leaving
a smooth funtion entered around ω = 011.
In this paper we are going to study a model that an
be onsidered a generalization of the DTLS (1):
H =
∑
k>0
k
(
a†kak + b
†
kbk
)
+∆S3
+
i√
2L
∑
k>0
√
k
{
λ1S1(ak − a†k)
+ λ2S2(bk − b†k)
}
(5)
where there are two independent dissipative baths la-
beled by operators ak and bk with ouplings λ1 and λ2.
Notie that (5) redues to the DTLS, eq. (1), when one
of the ouplings λ1 or λ2 vanishes. At rst sight, the
only apparent dierene between (5) and (1) is the ex-
istene of an additional bosoni bath oupled to a third
spin omponent. Thus, naively one would expet an en-
hanement of deoherene in omparison with the DTLS
sine more heat baths are present. This naive argument
fails to grasp that both baths are ompeting with eah
3other for the ordering of the impurity. While the ou-
pling λ1 tries to loalize the spin in an eigenstate of
S1, the oupling λ2 also tries to loalize the spin in
an eigenstate of S2. However, we see from (2) that the
operators S1 and S2 do not ommute with eah other
and therefore one annot nd a ommon eigenstate for
the spin to loalize in. This purely quantum mehanial
eet leads to a less deoherent environment. We will
show that when λ1,2 = λ and ∆/Λ≪ 1 the spin dynam-
is is always in the underdamped regime, regardless of
the bare value of the oupling onstants. In our previous
publiation we alled this state of aairs the quantum
frustration of deoherene
12
.
The Hamiltonian (5) was originally obtained in the
study of an spin 1/2 impurity embedded in an environ-
ment of large spin-S in d = 3 dimensions12. The mapping
between these two problems is given in appendix A. The
magneti environment has two eets in the dynamis of
the impurity. The moleular elds produed by the envi-
ronmental spins favor the alignment of the impurity spin
along the ordering diretion giving rise to a magneti
eld proportional to ∆. The transverse magneti u-
tuations (spin waves) produe quantum utuations that
tend to misalign the impurity spin leading to ouplings
proportional to λ1,2 and therefore to dissipation. In an
ordered antiferromagneti spin environment the low en-
ergy, long-wavelength exitations, are two massless Gold-
stone modes (two transverse magnon exitations) that
ouple to the two dierent omponents of the spin as in
(5). The problem of impurities in magneti media, espe-
ially in the paramagneti phase, has reeived a lot of at-
tention in the ontext of quantum phase transitions
13,14
.
As we are going to show in what follows, the eet of
quantum frustration ours at nite energies or frequen-
ies and therefore before the asymptoti regime is reahed
(very low frequenies) and the impurity spin fully aligns
with the environmental spins. Thus, as in the ase of the
Kondo problem, quantum frustration is a rossover phe-
nomenon that annot be obtained in asymptopia. We
should stress, however, that the phenomenon of quantum
frustration is more general than its origin would imply.
As in the ase of the Kondo eet, it represents a uni-
versality lass of impurity problems where deoherene is
redued by pure quantum mehanial eets.
As mentioned above, impurity problems an be treated
by powerful theoretial tehniques when redued to one-
dimensional models with a boundary. It is onvenient,
therefore, to rewrite (5) in a real spae representation:
H =
∫ +∞
−∞
dx
∑
a=1,2
(∂xφa(x))
2 +∆S3
− √8πα1∂xφ1(0)S1 −
√
8πα2∂xφ2(0)S2, (6)
where φ1,2(x) are one dimensional hiral bosoni elds
(that is, left movers only) assoiated with the bosoni
modes ak (bk) and we have dened α1,2 = λ
2
1,2/8π. We
are ultimately interested in the general problem of de-
oherene desribed by (5) or (6) and the mehanism of
quantum frustration assoiated with this model.
The paper is organized as follows: we derive the main
RG equations in Setion II and show that the dissipa-
tive model disussed here is always oherent and shows
saling at strong oupling; in Setion III we study the
impurity suseptibility using numerial renormalization
group and analytial RG via the Callan-Symansky equa-
tions; Setion IV ontains a disussion of the problem
of frustration of deoherene and also our onlusions.
There are various appendies where the details of the
alulations have been inluded.
II. RENORMALIZATION GROUP
Notie that, aording to the RG equations (3), the
KT transition ours at a nite value of the oupling on-
stant α and therefore annot be obtained diretly from
perturbation theory. Instead, one has to use a rotated
basis of states, obtained from a unitary trasnformation,
where the problem beomes perturbative. This an be
aomplished in our ase by dening two unitary trans-
formations:
U1 = e
ipi
2
S2ei
√
8πα1φ1(x=0)S3,
(7a)
U2 = e
ipi
2
S1ei
√
8πα2φ2(x=0)S3 , (7b)
that rotate the impurity spin around the S3 diretion
by angles that depend on the eld ongurations and
around S2 (S1) by π/2. Notie that U1 (U2) generates
a non-perturbative rotation in terms of the oupling α1
(α2).
Let us onsider the problem after rotation by U1. By
applying U1 to the Hamiltonian (6), we obtain
U †1HU1 = H0 +
1
2
(
∆A+1 + i
√
8πα2B
+
1
)
+ h.c. (8)
where H0 is the free bosoni Hamiltonian (the rst term
in the left hand side of (6)). We have dened two vertex
operators,
A±1 = e
∓i√8πα1φ1(x=0)S±, (9a)
B±1 = ∂xφ2 (x = 0) e
∓i√8πα1φ1(x=0)S±, (9b)
where S± = S1± iS2 are the standard raising (lowering)
operators.
As in the ase of a generalized Coulomb gas
problem
15,16
, the partition funtion of the problem,
Z, an be obtained in the basis that diagonalizes S3
(S3|s3〉 = ± 12 |s3〉) as
Z =
∑
{Sz}
∫
Dφ1,2(x, τ) e
−S0[φ1,2(x,τ)]
∏
j
δτ
2
[
∆A
mj
1 (τj)
+ imj
√
8πα2B
mj
1 (τj)
]
(10)
where S0 is the ation for the free boson elds, δτ is
the time step in the imaginary time diretion, and mj =
4s3 (τj + δτ)− s3 (τj) is either +1 for a kink or −1 for an
anti-kink at time τj of a given spin history in imaginary
time. The partition funtion given in (10) is the starting
point of the RG analysis.
We an dene the Fourier transforms of the vertex
operators, A1(ω) =
∫
dτ exp{iωτ}A1(τ) and bosoni
elds φ1,2(k, ω) =
∫
dx
∫
dτφ1,2(x, τ) exp{i(kx − ωτ)},
and divide the elds into slow modes, say A1,<(τ), with
(ω, k) < Λ and fast modes, say A1,>(τ) with (ω, k) > Λ.
We then integrate the fast modes within a shell Λ <
(k, ω) < Λ + dΛ, to obtain the renormalization of the
slow elds due to the fast modes. In this proedure the
renormalization of the slow modes is given by averages
over the fast modes. It is straightforward to show that:〈
A±1 (τ)
〉
>
= A±1,< (τ) e
−α1dℓ
(11a)〈
B±1 (τ)
〉
>
= B±1,< (τ) e
−(1+α1)dℓ
(11b)
where, dΛ/Λ = dℓ and 〈P 〉> indiates the average of the
operator P over the fast modes. Substituting (11) into
(10) and resaling the elds in order to obtain the same
partition funtion with slow modes only, we nd that
the ouplings have to hange with ℓ aording to (see
Appendix B):
dα2
dℓ
= −2α1α2 (12a)
dh
dℓ
= (1− α1)h , (12b)
whih dene the RG equations for α2 and h but not for
α1. The RG equation for α1 is obtained in seond or-
der in h. In the language dened by Anderson-Yuval-
Hamann
16
, it orresponds to the renormalization in α1
due to a lose pair of ip and anti-ip that is removed
from a spin history in a partiular RG step. One an show
that a new operator, whih is not present in the original
problem is generated under this proedure
17
. This oper-
ator reads:
C ≅ 1− i√2πα1h2∂τφ1 (0, τ)S3 (τ) dℓδτ. (13)
This term an be reexponentiating into the ation,
Eq. (10), and then integrated by parts in τ . The nal
result is equivalent to a redenition of the vertex opera-
tors,
A±1 = e
∓i√8πα1(1− 12h2dℓ)φ1(0)S±, (14a)
B±1 = ∂xφ2 (0) e
∓i√8πα1(1− 12h2dℓ)φ1(0)S±, (14b)
immediately implying the RG equation for α1
18
,
dα1
dℓ
= −h2α1. (15)
Eqs. (12-15) where derived by a perturbative treatment
in powers of α2 and h and are valid up to seond order
in these oupling with α1 being arbitrary. If instead we
apply the unitary transformation Eq. (7b) a similar set
of equations an be derived for α1 and h small with α2
being arbitrary. Notie that the only hange in the RG
equations is the interhange between α1 and α2 in (12a-
15). In fat, given the form of the the Hamiltonian (5) it
is easy to see that the RG equations must be symmetri
under the interhange of α1 and α2. Thus, it is straight-
forward to see that by symmetry the RG equations are:
dα1
dℓ
= −2α1α2 − α1h2, (16a)
dα2
dℓ
= −2α2α1 − α2h2, (16b)
dh
dℓ
= (1 − α1 − α2)h. (16)
The symmetrization proess is just a simple way to obtain
the next order orretions to the RG equations. Stritly
speaking, the RG equations (16) are valid up to seond
order in h, when either both α1 and α2 are of the same or-
der and small, or when one of them small and the other is
arbitrary. However, the terms of the form α1α2 ould also
be diretly obtained from a diagrammati tehnique
19
.
Notie that in the highly anisotropi ase, say α2 = 0
(α1 = 0), we identify α1 = α (α2 = α) so that eq. (16a)
(eq. (16b)) redues to eq. (3a) and eq. (16) beomes (3b).
As expeted, our problem maps into the DTLS and one
obtains a KT transition at α1 = 1 (α2 = 1). The RG
ow assoiated with eqs. (16) in the α1 versus α2 plane
for xed h is shown in Fig. 1.
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Figure 1: Renormalization group ow given by eqs. (16) in
the α1 versus α2 plane.
In the fully symmetri ase where α1 = α2 = α one
nds a very dierent physis. Indeed, from (16), one
5gets:
dα
dℓ
= −2α2 − αh2 , (17a)
dh
dℓ
= (1− 2α)h . (17b)
As one an see from Fig. 1 there is no KT transition in
this ase. The ouplings α1 and α2 always ow to zero
while h sales towards strong oupling. In the DTLS
language the spin never loalizes in an eigenstate of S1
or S2 being always in an eigenstate of S3. Hene, in
the isotropi ase, no matter how large the ouplings to
the environment the spin is always oherent. This is the
phenomenon of quantum frustration of deoherene.
We an obtain a more quantitative analysis of the RG
sale in some partiular limits. As notied before the RG
breaks down at a sale ℓ∗ = ln(Λ0/TA) (where Λ0 is the
initial ut-o of the problem) when h(ℓ∗) ≈ 1. TA is
the rossover energy sale from weak to strong oupling
(the equivalent of the Kondo temperature). It is easy to
see that the value of TA depends on the bare value of
α(ℓ = 0). If α(0)≪ h(0) the ow is essentially the same
as the usual KT ow and one an disregard the ow of
α(ℓ) in order to nd,
TA ≈ ∆
(
∆
Λ0
)2α(0)/[1−2α(0)]
(18)
whih is a valid result even when 2α(0) ln(Λ0/∆) ∼ O(1)
although its derivation requires α(0) ≪ 1. If, on the
other hand, α(0) > h(0) then the α2 term dominates
and the ow of α(l) and we must take into aount the l-
dependene of α(l) in solving for the ow of h(l) to strong
oupling. This leads to:
TA ≈ ∆(1 + 2α(0) ln(Λ0/∆))−1. (19)
Observe that (18) and (19) are idential when
2α(0) ln(Λ0/∆)≪ 1 but give a very dierent result when
2α(0) ln(Λ0/∆) ∼ O(1). We immediately notie that the
α2 term in the RG destroys the KT transition. Unlike
the Kondo problem the system retains oherene even at
large oupling and is never overdamped. This is a quan-
tum mehanial eet and omes from the fat that the
spin operators do not ommute. While the S1 operator
in (5) wants to orient the impurity spin in its diretion,
the same happens for the S2 operator. In a lassial sys-
tem (large S) the spin would orient in a nite angle in
the XY plane. However for a nite S impurity this is not
possible and the impurity oupling is eetively quantum
frustrated reduing the eetive oupling to the environ-
ment. Another interesting feature of the RG ow is that
for h(ℓ)→ 0 we nd,
α∗ = α(ℓ∗) =
α(0)
1 + 2α(0)ℓ∗
≈ 1
2 ln(Λ0/TA)
, (20)
when 2α(0)ℓ∗ ≫ 1, α(l) is essentially independent of α(0)
at energy sale TA. While TA gives the rossover energy
sale between weak and strong oupling, α∗ provides in-
formation about the dissipation rate, τ−1, of the impu-
rity dynamis. Our results indiate that for α(0)ℓ∗ suf-
iently large, τ−1 is independent of the initial oupling
to the bosoni baths.
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Figure 2: Renormalization group ow given by eqs. (17) in
the α versus h plane.
In Fig. 2 we depit the RG ow in the α versus h
plane. As disussed above, we an see that asymptoti-
ally (that is, large ℓ) α(ℓ) renormalizes to zero while h(ℓ)
beomes large. An interesting feature of this RG, as we
pointed out above, is that for large values of α(0) (large
oupling to the environment) and intermediate values of ℓ
the renormalization of h(ℓ) beomes independent of α(0).
This indiates that there is a single variable that deter-
mines the RG ow at intermediate energy sales. The
fat that only one oupling determines the RG ow indi-
ates that there must be saling in the physial properties
with the renormalized value of h. In the next setion we
will disuss how the RG results reet on the behavior of
the transverse suseptibility.
III. IMPURITY SUSCEPTIBILITY
In the previous setion we disusse the RG alulation
in the weak oupling limit. The RG indiates that for
large values of the ouplings nothing new should hap-
pen. Nevertheless, given the perturbative nature of our
analysis, this onlusion may not be warranted. Our on-
lusions an be put on rmer ground with the use of nu-
merial renormalization group (NRG)
5
. In NRG we do
not look at the renormalization of the ouplings, as we
did in the previous setion, but at the behavior of the
suseptibility itself. Thus, in the rst part of this setion
we study the behavior of the suseptibility as a funtion
of the frequeny at T = 0 with NRG. In the seond part
6of this setion, based on the perturbative RG of the previ-
ous setion and the NRG, we obtain analyti expressions
for the transverse suseptibility in various regimes. We
show that these two methods provide full support for the
RG equations obtained in the previous setion.
A. Numerial Renormalization Group (NRG)
In order to learn more about the model we have
performed numerial renormalization group (NRG)
alulations
5
on the Hamiltonian (5). Although NRG
has reently been extended to bosoni models
20
, we fol-
low a more traditional approah and transform (5) into
a fermioni problem. However, the bosoni baths φ1 and
φ2 being Ohmi, we an also represent them as the spin
density utuations of two fermion elds, ψ1 and ψ2,
HF =
∆
2
σ3 +
∑
k,µ,i=1,2
vFkc
†
ikµcikµ
+
1
2
g1S1ψ
†
1σ1ψ1 +
1
2
g2Sψ
†
2σ2ψ2 , (21)
where vF is the Fermi veloity and ψiµ =
∑
k
cikµ are
the loal fermion operators. Notie that we have two
dierent set of fermions (labeled by i = 1, 2) that ouple
by x and y-omponent of their spin to the orresponding
omponents of the impurity spin.
In order for (21) to be a faithful representation of
(5) one has to map the bosoni ouplings α1,2 into the
fermioni ouplings g1,2. As in the ase of the Kondo
problem
16
the bosoni ouplings are related to the ele-
troni ouplings through the eletroni phase shifts δ1
and δ2:
αi = 2
(
1
π
δi
)2
. (22)
Here the phase shifts an be determined diretly from
the NRG spetrum. The prie what one has to pay
for this simpliity is that the entire parameter spae of
the fermioni model 0 ≤ gi ≤ ∞ overs only a smaller
regime of the original model 0 ≤ αi ≤ 1 and therefore
the loalization transition is beyond the boundaries of
the method. The phase shifts are given with a very good
auray by:
δi = atan(f(ΛNRG)gi) , (23)
where ΛNRG is the parameter of the logarithmi dis-
retization used in NRG and f(ΛNRG) is a numerially
determinable fator lose to unity. For the numerial
work we used ΛNRG = 2 and we nd f(ΛNRG = 2) = 1.03
(see Fig. 3).
In Fig.4 we show the results for χ
′′
⊥(ω)/ω (normalized
to its value at ω = 0) as a funtion of ω/TA (where TA
is the rossover energy - see previous setion) in the ase
when α1 = α2 = α (g1 = g2) as one varies α. Notie that,
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Figure 3: The phase shift (and therefore the bosoni oupling)
extrated from the NRG nite size spetra as a funtion of
the fermioni oupling.
in agreement with the RG alulation, the suseptibility
retains a peak even for strong oupling indiating that the
spin remains oherent. Furthermore, as the oupling in-
reases the suseptibility urves ollapse into a universal
urve showing that at large ouplings to the environment
the suseptibility an be written in a saling form:
χ
′′
⊥(ω, α, h) = χ0 f
(
ω
TA(α, h)
)
(24)
where χ0 = ∂ωχ
′′
⊥(ω = 0, α, h) and f(x) is a universal
funtion so that f(x → 0) = x and f(x → ∞) ≈ 1/x.
These results are in agreement with our earlier onlu-
sions based on the RG alulation.
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Figure 4: χ′′⊥(ω)/ω as a funtion of ω/TA.
To ompare results for our model with that of the sin-
7gle bath DTLS, we have alulated χ
′′
⊥(ω) for α1 = 0.59
and α2 = 0 and ompared with the ase where α1 =
α2 = 0.59. The result is shown in Fig.5. Notie that in
the DTLS ase there is no trae of the peak in the susep-
tibility indiating that the relaxation of the spin is om-
pletely overdamped. However, in the isotropi ase one
nds a well dened peak even when the oupling to the
environment is large, indiating that the spin still keeps
memory of the tunneling splitting, even when strongly
interating with the bath. This is a lear demonstration
of the eet of frustration of deoherene.
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Figure 5: χ′′⊥(ω)/ω as a funtion of ω/Λ.
B. Analyti Results
The RG results of setion II show that the transverse
ouplings of the impurity to the environment always ow
to α→ 0 indiating that a perturbative approah should
give a sensible result. When α = 0 the ground state
of the problem is an eigenstate of S3 and therefore the
transverse suseptibility has a Dira delta peak at ω = ∆,
that is, zero relaxation rate, τ−1 = 0. In order to obtain a
nite relaxation one makes use of the Bloh equations
22
for the expetation values of the spin operators, Mi =
〈Si〉:
d ~M
dt
=
∆
2
~M × ~z − M1~x+M2~y
T2
− M3~z
T1
,
where 1/T2 is the transverse and 1/T1 is the longitudinal
relaxation rates. It is straightforward to write a seond
order dierential equation for M1(t):
d2M1
dt2
+
2
T2
dM1
dt
+
(
∆2
4
+
1
T 22
)
M1 = 0 ,
implying that the transverse orrelation funtion has the
form:
χ′′⊥ (ω)
ω
∝ 2/T2
(ω2 −∆2/4− 1/T 22 )2 + 4ω2/T 22
. (25)
In appendix C 3 we derive these results using a random
phase approximation (RPA) and improve on them by re-
plaing the bare values of the parameters by their renor-
malized RG value:
χ
′′
⊥(ω)
ω
=
[arctan(TAτ)]
−1TA/τ
(ω2 − (TA)2 − 1/τ2)2 + 4ω2/τ2
, (26)
where
τ−1 ≈ π
2
(α∗)2TA . (27)
Notie that (26) redues to a Dira delta funtion at
ω = ∆ as α(0) → 0, as expeted. We nd that this ap-
proximation is good for ω ≪ TA and also desribes well
the NRG results for all ω < Λ0 when Λ0 > TA ≫ Λ0α∗.
In the zero frequeny limit (26) redues to
χ
′′
⊥(ω = 0) ≈ (α∗)2ω/(TA)2 +O[(α∗)4] (28)
and the Kramers-Kronig relation immediately leads to
real part of the suseptibility:
χ
′
⊥(ω ≈ 0) = π/[8TA(1 + (α∗)4) arctan(1/(α∗)2)]
≈ 1/(4TA) +O[(α∗)2]. (29)
Although the RPA result gives good results in ertain
regimes it fails in the asymptoti ases. In those regimes
a new approah has to be developed. For that purpose
we will use the riteria of renormalizability of the theory
in order to alulate the suseptibility. If we knew the
exat β-funtions of the theory,
βi({α}) = dαi
dℓ
, (30)
one ould in priniple integrate the exat RG ow in order
to obtain the exat result. However, we only have aess
to the perturbative result (16) that indiates that there
is no other xed points in the problem. The question is
whether these results are valid in other regimes.
Let us onsider some limiting ases of the problem at
hand. Firstly onsider the speial situation where α (0) =
α1 (0) = α2 (0) and there is no magneti eld, ∆ = 0
(h (0) = 0). In this ase the Hamiltonian of the problem
an be written, from (6), as:
Heff =
∫
dx
∑
α=1,2
(∂xφα(x))
2 −
√
8πα∂xφ1(0)S1
−
√
8πα∂xφ2(0)S2. (31)
From the renormalization group equations, Eqs. (17), we
nd:
β(α) =
dα
dℓ
= −2α2 +O[α3]. (32)
At nite temperature T ≪ Λ the RG ow is ut-o by
the temperature and we an write dℓ ≈ −dT/T and use
8the temperature as the ut-o. We an solve (32) for α
as a funtion of T at one:
α(T ) ≈ α0
1 + 2α0 ln(Λ0/T )
(33)
When T → 0 one nds:
α(T ) ≈ 1
2 ln(Λ0/T )
, (34)
whih is independent of α(0) in agreement with (20).
We rst onsider the suseptibility at nite T and zero
frequeny,
χ(T,Λ, α0) =
1
4T
g(T/Λ, α0), (35)
where g(x) is a dimensionless funtion. Sine the the-
ory is renormalizable, the suseptibility should obey the
Callan-Symanzik (CS) equation
21
:[
Λ
∂
∂Λ
+ β(α)
∂
∂α
+ 2γ(α)
]
g(α, T/Λ) = 0 , (36)
where γ(α) is the anomalous dimension assoiated with
the operator σ1. Equation (36) expresses the fat that
a hange in the ut-o, Λ, an be exatly ompensated
for by a hange in the bare oupling, α, together with a
resaling of the suseptibility. The most general solution
of (36) is:
g(α, T/Λ) = exp
{∫ α(T )
α0
[2γ(α)/β(α)]dα
]
h[α(T )],
(37)
where h(x) is an arbitrary funtion of the renormalized
oupling. We an rewrite (37) in a slightly dierent form:
g(T ) = exp
[∫ 1
α0
[2γ(α)/β(α)]dα
]
φ[α(T )], (38)
where we have introdue a new funtion φ[α] and used
that
exp
[∫ α(T )
1
[2γ(α)/β(α)]dα
]
is by itself some (in general unknown) funtion of
α(T ) and we have absorbed this term into the fun-
tion h(α(T )). Hene a non-zero anomalous dimension
implies some residual expliit dependene of g(T ), and
hene χ(T ), on the bare oupling α0 in addition to its
impliit dependene on α0 through the renormalized ou-
pling. Notie from (34) that α(T ) beomes small at low
T and therefore one an expand φ(α(T )) in a power series
in α(T ). In this ase, replaing (38) into (35) we nd:
χ(T ) =
1
4T
exp
[∫ 1
α0
[2γ(α)/β(α)]dα
]∑
n
bn α
n(T ),
(39)
where bn are the oeients of the expansion of φ[α].
Eq. (39) is formally exat. However, one does not know
the anomalous dimension a priori. One way to go about
this is to ompare the exat result (39) with the pertur-
bative result obtained in leading order in α0. In appendix
C we show that perturbation theory gives:
χ(T ) =
1
4T
[1 + 2α0 ln(T/Λ0) +O[α20] . (40)
Replaing (34) in (39) and omparing with (40) we nd
that b0 = 0, b1 = 1 and∫ 1
α0
[2γ(α)/β(α)dα] ≈ − ln(α0) . (41)
The oeient of 2 in front of the seond term in (40) is
ruial. Note that what xes the denition of α is the
RG equation, Eq. (32). Sine β(α) ≈ −2α2, we see that:
γ(α) = −α+O[α3] , (42)
is the value of the anomalous dimension in leading order
in α. Therefore, we have onluded that
χ(T ) ≈ 1
8Tα0 ln(Λ0/T )
, (43)
when T → 0. This result is expeted to be true even at
very low T when α0 ln(Λ/T ) ≥ 1. Suppose that the bare
oupling, α0 is not small. What an we say from the RG
in this ase? As long as we onsider very low T where
α(T )≪ 1 so that φ(α(T )) ≈ α(T ), we have:
χ(T ) ≈ exp
[∫ 1
α0
[2γ(α)/β(α)
]
1
8T ln(Λ0/T )
. (44)
The rst fator is some unknown funtion of the bare
oupling but the T dependene is the same as before.
Now onsider the suseptibility at T = 0 but nite
frequeny. One again, thanks to the renormalizability
of the theory χ′′(ω) obeys the same CS equation with
the same β-funtion and the same anomalous dimension,
γ(α). This anomalous dimension is a property of the spin
operator σ1 and must be the same for either nite T and
ω = 0 or nite ω and T = 0. Therefore, following the
earlier disussion it must have the form:
χ′′(ω,Λ, α0) = exp
[∫ 1
α0
[2γ(α)/β(α)
]
1
ω
F (α(ω)). (45)
The funtion F (α(ω)) is not neessarily the same as
φ(α(T )) and, in general, is unknown. However, the rst
fator, giving the expliit dependene on α0 in a pertur-
bative expansion, should be exatly the same as in the
previous alulation of α(T ). Thus, if α0 ≪ 1, we must
have:
χ′′(ω,Λ, α0) =
1
ωα0
F (α(ω)). (46)
9Again, we perform ordinary perturbation theory for
χ
′′
(ω) in powers of α0 and improve the perturbative re-
sult with the RG by mathing it to (46) by expanding in
powers of α(ω). Sine we already know β(α) and γ(α),
the result must have a rather restrited form to be a so-
lution of the CS equation. The suseptibility at nite
frequeny is given by Eq. (C5):
χ′′(ω,Λ, α0) ≈ 1
ω
[
α0 − 4α20 ln(Λ0/ω) +O(α30)
]
. (47)
This result is onsistent with the RG form of Eq. (46) if
we assume that:
F (α(ω)) ≈ α2(ω) , (48)
≈ α20 − 4α30 ln(Λ0/ω).
Having found the funtion F (α(ω)) at small α(ω) we an
now invoke the RG. In partiular, for small bare oupling
and small ω we have:
χ′′(ω) ≈ 1
4α0ω ln
2(Λ0/ω)
. (49)
Even if the bare oupling is not small, but we go to small
enough ω so that α(ω)≪ 1, the RG implies that:
χ′′(ω) ≈ exp
[∫ 1
α0
2γ(α)/β(α)dα
]
1
4ω ln2(Λ0/ω)
, (50)
where the rst term in an unknown funtion of the bare
oupling onstant. Thus, eqs. (44) and (49) give the tem-
perature and frequeny behavior of the suseptibility for,
α∗ ≪ 1, TA ≪ Λ0α∗, and in the frequeny and tempera-
ture range TA ≪ ω, T ≪ Λ0. When these onditions are
satised the ratio,
χ′′(ω, T = 0)
χ(T )
=
2T
ω
ln(Λ0/T )
ln2(Λ0/ω)
, (51)
is universal.
IV. DISCUSSION AND CONCLUSIONS
Deoherene an be dened as the unavoidable evolu-
tion of the total state of the system and the environment
towards an entangled state. This is a dynamial de-
nition of deoherene, and learly shows the oneptual
dierene between dissipation (that involves the transfer
of energy from the subsystem to the environment) and
deoherene. An important onept in the study of de-
oherene is the notion of a preferred basis : every time
that a system interats with an environment, a set of
states is naturally seleted by the form of the interation.
The text book example is given by the exatly solvable
model
23,24
Hdeco =
∑
k>0
ka†kak + i
λ1√
2L
S1
∑
k>0
√
k(ak − a†k).
Although this model does not have any dissipative meh-
anism, the two level system experiene strong deoher-
ene. Suppose that the system is prepared at time t = 0
as a diret produt of the bath and the two level system:
ρ(t = 0) = ρbath(t = 0)⊗ ρ~S(t = 0),
where ρbath and ρ~S are respetively the density matries
of bath and the two level system. A natural basis hoie
for the two level system is S1. If we further suppose that
the two level system is prepared in a state of S2, then at
t = 0 the redued density matrix,
ρR(t = 0) = trbath
[
ρbath(t = 0)⊗ ρ~S(t = 0)
]
,
has o-diagonal matrix elements indiating that the sys-
tem is oherent. As the system evolves in time the o-
diagonal elements deay very fast due to the entangle-
ment of
~S and the bath degrees of freedom. As t → ∞
only the diagonal elements of the redued density ma-
trix of the system remain, and we say that the system
deoheres to the preferred basis of S1.
With this example in mind is now simple to under-
stand the eets that we desribed in this manusript.
Consider the Hamiltonian (5). In this ase it is no longer
possible to dene a preferred basis for the two level sys-
tem. The entanglement of
~S with eah one of the baths is
suppressed by the other, and as a result the deoherene
phenomena is frustrated. This physial piture shows the
true meaning of our results, the quantum frustration is
the lak of a preferred basis for the system of interest.
The quantum frustration of deoherene an be also
understood as a result of a version of Coleman's or
Mermin-Wagner's theorem
26
. When α1 = α2 there is a
U(1) symmetry in impurity problem. Hene, one has an
eetive (1 + 1) dimensional eld theory with U(1) sym-
metry so this symmetry annot be spontaneously broken
even at T = 0. In fat, beause one has a single bound-
ary degree of freedom, one an also think of the problem
as an almost (0 + 1) dimensional eld theory. So it is a
rather remarkable fat that even the Z2 symmetry whih
remains when α2 = 0 an be spontaneously broken, as in
the ase of the DTLS. The U(1) symmetry would have
to be spontaneously broken in a phase in whih the spin
is loalized in an eigenstate of either S1 or S2. Quantum
mehanis prevents that from happening.
One an ask how generi this result really is. For quan-
tum frustration to our the oupling onstants with all
the baths must be idential. This an be ahieved when
the role of the two baths is played by two Goldstone
modes, resulting from the spontaneous breaking of a on-
tinuous symmetry, suh that the residual unbroken sym-
metry rotates the two Goldstone modes into eah other.
When the ouplings are not exatly equal quantum frus-
tration ours up to a ertain energy sale below whih
one of the heat baths takes over and one obtains the stan-
dard deoherene problem in dissipative ohmi systems.
In terms of Fig.1 it means that the asymptoti ow is
the one for either α1 = 0 or α2 = 0. In summary, quan-
tum frustration of deoherene is a general phenomena.
10
It has lear impliations to quantum/lassial transition
and measure theory. Moreover it is potentially important
to the development of tehnologies where deoherene is
a fundamental issue as in the ase of quantum ommuni-
ation and quantum omputation.
In summary, we have studied a model of quantum
frustration of deoherene in open systems. Contrary
to standard dissipative models with ohmi dissipation,
the non-ommutative nature of spin operators lead to a
frustration of deoherene. We have shown that while
in a DTLS the spin dynamis beomes overdamped at
large ouplings with a heat bath, in a system with quan-
tum frustration it is always underdamped and the system
keeps the memory of its quantum nature. Using pertur-
bative RG alulations we have shown that at large ou-
plings with the bath the transverse spin suseptibility
shows saling with a harateristi energy sale TA, the
analogous of the Kondo temperature in the DTLS, that
separates the region of strong to weak oupling. We have
supported our laims with NRG alulations and have
alulated the frequeny and temperature dependene of
the transverse suseptibility using the renormalizability
of the theory. Our results may be appliable to a large
lass of problems where deoherene plays a fundamental
role.
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Appendix A: IMPURITY SPIN IN A
MAGNETICALLY ORDERED ENVIRONMENT
In this appendix we will show how quantum frustration
an arise in the ontext of a magneti impurity in a mag-
neti environment
12
. Let us onsider a magneti environ-
ment desribe by the quantum Heisenberg Hamiltonian
in the presene of an impurity:
H = J
∑
〈i,j〉
~si · ~sj + λ ~S · ~s0, (A1)
where J is the magneti exhange between nearest neigh-
bor spins ~si loated on a lattie site ~Ri in d dimensions,
λ is the oupling between the environmental spins and an
impurity spin
~S loated at the origin of the oordinate
system. In what follows we will onsider the antiferro-
magneti ase of J > 0 although the ferromagneti ase
(J < 0) an be studied in an analogous way.
The partition funtion of the problem in spin oherent
state path integral an be written as
25
:
Z =
∫
D ~N δ( ~N2 − 1)
∫
D~nδ(~n2 − 1) e−iSB( ~N)−S( ~N,~n)
where
~N represents the impurity spin and ~n(~r) the envi-
ronmental spin eld, SB is the Berry's phase,
S =
∫
dτd~r
{
1
2g
[
(∂τ~n(τ, ~r))
2 + c2 (∇~n(τ, ~r))2
]
+ λδ (~r)~n(τ, ~r) · ~N (τ)
}
, (A2)
is the ation of the problem where g = c2/ρs is the ou-
pling onstant (c = 2
√
dJas is the spin wave-veloity and
ρs = Js
2a2−d is the spin stiness, a is the lattie spaing
and s is the value of the environmental spin).
Assume that the O(3) symmetry of the model is spon-
taneously broken so that the eld ~n orders. In this ase
we an write:
~n (τ, ~r) ≈ (ϕ1 (τ, ~r) , ϕ2 (τ, ~r) , 1) , (A3)
where ϕ1,2 are small utuating elds orresponding to
the two Goldstone modes of the antiferromagnet. A pos-
sibility that is not onsidered in this work is assoiated
with the formation of a spin texture around the impu-
rity spin. In a lassial spin system a spin texture an
be formed in the bulk spins due to the presene of strong
and/or anisotropi interations. The spin texture an fol-
low the impurity as it tunnels invalidating the methods
used here (an instanton alulation is required to take
into aount the olletive nature of the texture). The
results in this appendix are only valid if no spin texture
is formed around the magneti impurity.
In the ordered phase the Berry's phase term is unim-
portant and an be dropped. Using Eq. (A3) the ation
(A2) reads,
S ≈
∑
α=1,2
∫
dτd~r
{
1
2g
[
(∂τϕα(τ, ~r))
2 + c2 (∇ϕα(τ, ~r)2
]
+ λδ (~r)ϕα(τ, ~r) ·Nα(τ) + λN3 (τ)} . (A4)
We see that the ation for the elds ϕ1,2 is quadrati and
therefore these elds an be traed out of the problem
exatly. In this ase the eetive ation for the impurity
spin beomes in Fourier spae:
Seff ≈ gλ
2
2
∑
α=1,2
∫
dωd~k
Nα(ω)Nα(−ω)
ω2 + c2k2
+ λ
∫
dτN3 (τ) .
As we should expet from the spherial symmetry of the
problem, the angular dependene in
~k an be integrated
and we nally obtain
Seff ≈ α
2
Γ(d− 1)
∑
α=1,2
∫ +∞
−∞
dω
[∫ ∞
0
dq
qd−1
ω2 + q2
]
Nα(ω)Nα(−ω)
+ λ
∫
dτN3 (τ) , (A5)
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where q = ck, and
α2 =
gΓ(d− 1)λ2
2d+2π(d−2)/2Γ (d/2) cd
,
where Γ(x) is a gamma funtion. Integrating (A5) over q
and Fourier transforming bak the frequenies to imagi-
nary time we nd:
Seff ≈ α2
∑
α=1,2
∫
dτ
∫
dτ ′
Nα(τ)Nα(τ
′)
|τ − τ ′|d−1
+ λ
∫
dτN3 (τ) , (A6)
whih shows that the impurity interat in imaginary time
through a long-range interation that deays like 1/τd−1.
The ation (A6) an be simplied by introduing a
Hubbard-Stratanovih eld that splits the interation
term. This an be done with the introdution of one-
dimensional bosoni elds dened as:
φα (x, τ) =
T√
2L
∑
q>0
∑
ωn
eiqx+iωnτ√
q
φ∗α (q, ωn)
+
e−iqx+iωnτ√
q
φα (q, ωn) ,
L → ∞ is the size of the one-dimensional line. Using
these new elds the ation (A6) an be written as:
Seff =
∑
α=1,2
T
∑
q>0
∑
ωn
[iωn + q]φ
∗
α (q, ωn)φα (q,−ωn)
+ α |q| d−12 [φ∗α (q, ωn)Nα(ωn) + φα (q, ωn)Nα(−ωn)]
+ λ
∫
dτN3 (τ) . (A7)
It is easy to see that the trae over the bosoni elds
reprodues (A6). It is straightforward to see that in d = 3
the above ation redues to (6).
Appendix B: RG EQUATIONS
In this appendix we will derive the RG equations (12).
From equation (9a) we have:
〈A±1 〉> = 〈e∓i
√
8πα1(φ1,<(x=0)+φ1,>(x=0))S±〉>
= A±1,<〈e∓i
√
8πα1φ1,>(x=0)〉>
= A±1,<e
−α1dℓ ≈ A±1,<(1− α1dℓ) . (B1)
Substituting (B1) in (10) one obtains a term of the form:
δτedℓ∆e−α1dℓAmj1,< = δτ∆(ℓ + dℓ)A
mj
1,< , (B2)
where we have used that, by resaling ω → ω/b (with
b = edℓ ≈ 1 + dℓ) one has τ → bτ . Hene,
∆(ℓ + dℓ) = ∆(ℓ)[1 + (1− α1)dℓ] , (B3)
and dening the dimensionless oupling, h(ℓ) = ∆(ℓ)/Λ,
one obtains (12b).
Analogously, from (9b) we have:
〈B±1 〉> = B±1,<e−dℓ〈e∓i
√
8πα1φ1(x=0)〉>
= B±1,<e
−(1+α1)dℓ
≈ B±1,<[1− (1 + α1)dℓ] , (B4)
where we have used that ∂x → b−1∂x sine k → k/b.
Replaing (B4) into the seond term in the r.h.s. of (10):
δτ
√
α2e
−α1dℓBmj1,< (τj) = δτ
√
α2(ℓ+ dℓ)B
mj
1,< , (B5)
and hene we write:
α2(ℓ+ dℓ) = α2(ℓ)e
−2α1dℓ ≈ α2(ℓ)(1 − 2α1dℓ) , (B6)
leading to equation (12a).
Appendix C: PERTURBATION THEORY
In this appendix we show how to derive the perturba-
tive expansion for the transverse suseptibility:
S (τ) = 〈TτS1 (τ)S1 (0)〉 .
1. Stati suseptibility ω = 0 and h = 0
Firstly, let us onsider the ase of arbitrary α2 but
small α1 (the ase of arbitrary α1 and α2 ≪ 1 is om-
pletely analogous). This regime an be obtained by using
eq. (7):
H¯2 = U
−1
2 HeffU2
= H0 −
√
2πα1∂xφ1e
−i√8πα2φ2(0)S+ + h.c.
In this rotated basis, S (τ) has a simple form:
S (τ) = 1
4
〈
Tτ
(
A+2 (τ) +A
−
2 (τ)
) (
A+2 (0) +A
−
2 (0)
)〉
,
where
A±2 (τ) = e
∓i√8πα2φ2(0,τ)S± (τ) .
The leading order terms in an expansion in powers of α1
at T = 0 an be immediately obtained from the bosoni
propagator:
S (τ) ≈ 1
4
|Dτ |−2α2 +O[α1α2] , (C1)
where D is a short time ut-o. We an use the stan-
dard onformal transformation to promote this result to
a nite temperature expression,
S (τ) ≈ 1
4
(
D
Tπ
sin |πTτ |
)−2α2
+O[α1α2] .
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Expanding the above expression for α2 ≪ 1 gives:
S (τ) ≈ 1
4
[
1− 2α2 ln
(
D
Tπ
sin |πτT |
)
+O[α1α2, α22]
]
.
To this order, the suseptibility an be alulated imme-
diately:
χ (T ) =
∫ 1/T
0
dτS (τ)
≈ 1
4T
[
1− 2α2
T
ln
(
D
2πT
)
+O[α1α2, α22]
]
.(C2)
For ompleteness, let us re-obtain this result by a diret
perturbative alulation in seond order in α2:
S (τ) ≈ 8πα2
∫ 1/T
τ
dτ1
∫ τ
0
dτ2 [〈Tτσ2 (τ1)σ1 (τ) σ2 (τ2)σ1 (0)〉 − 〈Tτσ1 (τ) σ1 (0)〉 〈Tτσ2 (τ1)σ2 (τ2)〉] 〈Tτ∂φ2 (τ1) ∂φ2 (τ2)〉
= −πα2
8
∫ 1/T
τ
dτ1
∫ τ
0
dτ2 〈∂φ2 (τ1) ∂φ2 (τ2)〉 .
Using the nite temperature propagator,
〈∂φ2 (τ1) ∂φ2 (τ2)〉 = 1
4π
1[
1
πT sin [πT |τ2 − τ1|]
]2 ,
we obtain
S (τ) ≈ −α2
4
∫ 1/T
τ+ 1
D
dτ1
∫ τ
0
dτ2
1[
1
πT sin [πT |τ2 − τ1|]
]2
≈ α2
2
[
ln
(
πT
D
)
− ln (sin |πTτ |)
]
+O[α1α2, α22] ,
in agreement with (C2).
2. Dynami suseptibility ω 6= 0 at T = 0 and h = 0
The nite frequeny alulation is a little more tedious
than the previous one. We would like to obtain the orre-
lation funtion in fourth order in the oupling onstants.
From Eq. (C1) we already know part of the result,
S (τ) = 1
4
− 1
2
α2 ln |Dτ |+ 1
2
α22 ln
2 |Dτ |+O[α1α2, α32].(C3)
The remaining ontribution to the orrelation funtion
is a term proportional to α1α2. A onvenient way to
derive this ontribution is to use Eq. (7a) and ompute
the result to all orders in α1 but for α2 ≪ 1. In seond
order in α2 we need to alulate:
δS (τ) = 1
4
+ 2πα2
∫
dτ1dτ2
〈
TτS3 (τ)B
+
1 (τ1)B
−
1 (τ2)S3 (0)
〉− πα2
∫
dτ1dτ2
〈
TτB
+
1 (τ1)B
−
1 (τ2)
〉
.
From this point, it is straightforward to obtain the orre-
lation funtion and the suseptibility at nite frequeny:
δS (τ) = 1
4
− α2
4D2α1
1
[1 + 2α1]α1
×
×
[
1∣∣ 1
D
∣∣2α1 − 1|τ |2α1
]
,
δχ (iωn 6= 0) = α
2
2
[1 + 2α1] 2α1D2α1 |ωn|1−2α1
×
× {Γ (1− 2α1) sin [πα1]} .
Expanding for α1 ≪ 1 and α1 ln(D/|ωn|)≪ 1 we nd:
δχ (iωn 6= 0) = πα1α2|ωn|
[
(C − 1) + ln
∣∣∣ωn
D
∣∣∣] , (C4)
where C ≈ 0.57772 is the Euler-Gamma onstant. The
suseptibility in fourth order in the oupling onstants
is the sum of Eq. (C4) and the Fourier transform of
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Eq. (C3),
χ (iωn) =
1
4
δ (ωn) +
πα2
2
1
|ωn|
[
1− 2 (α2 + α1) ln
(
D
|ωn|
)
+ 2Cα2 + 2 (C − 1)α1 +O[α22, α21]
]
. (C5)
3. Asymptoti regime of h→∞
We represent the spin variables in (31) in terms of two
spinless fermions:
S1 =
(
a†b+ b†a
)
/2
S2 = −i
(
a†b− b†a) /2
S3 =
(
a†a− b†b) /2
and add to the ation an imaginary hemial potential,
iω0 = iπT/2. Working with this formalism we an use
Wik's theorem and the standard diagrammati teh-
nique. The ation is rewritten as
S = S0 (φ1, φ2) +
∫
dτ a∗ (τ) [∂τ − z] a (τ) +
+ b∗ (τ) [∂τ + z∗] b (τ) +
√
2π [
√
α1∂xφ1 (0, τ)
− i√α2∂xφ2 (0, τ)] a ∗ (τ) b (τ) + h.c. ,
where z = iω0 +
h
2 . We dene the following propagators,
G(0)a (iωn) =
−1
iωn − z ,
G(0)b (iωn) =
−1
iωn + z∗
,
D(0)1,2 (iωn 6= 0) = −
|ωn|
2π
arctan
(
D
|ωn|
)
,
for the elds a(τ), b(τ), and the boundary eld φ1,2(0, τ).
From the propagators we immediately derive the ze-
roth order part of the suseptibility:
χ0 (iωn) =
T
4
∑
pn
G(0)a (iωn + ipn)G(0)b (ipn)
+G(0)b (iωn + ipn)G(0)a (ipn)
=
1
4
(
1
iωn + h
− 1
iωn − h
)
=
1
2
h
ω2n + h
2
.
A simple perturbative alulation will fail to apture
the physis and the orret behavior of the suseptibility.
Following the standard presription we will sum the in-
nite series of bubble diagrams in the RPA. Let us rst
onsider the seond order bubble diagrams. From the
denition of the propagators and assuming |ωn| ≪ D,
we obtain:
δχ1 (iωn 6= 0) = −πα1
2
h2
(ω2n + h
2)
2 |ωn|
= −2πα1 [χ0 (iωn)]2 |ωn|
δχ2 (iωn 6= 0) = πα2
2
ω2n
(ω2n + h
2)
2 |ωn|
= 2πα2 [χ0 (iωn)]
2
(ωn
h
)2
|ωn|.
The bubble diagrams in fourth and sixth order an be
alulated in a straightforward way:
χ
(4)
RPA
(iωn)
[χ0 (iωn)]
3 = 4π
2ω2n
[
α21 − α2
(ωn
h
)2
(2α1 + α2)
]
χ
(6)
RPA
(iωn)
[χ0 (iωn)]
4 = −8π3 |ωn|3
[
α31 − α2
(ωn
h
)2 (
3α21
+ 2α1α2 + α
2
2
)
+ α1α
2
2
(ωn
h
)4]
.
For h≫ α2ωn, we an simplify these results and sum the
geometri series,
χRPA (iωn) ≈ χ0 (iωn)
1 + 2πα1 |ωn|χ(0) (iωn) ,
≈ (h/2)
h2 + ω2n + πhα1 |ωn|
.
The zero temperature suseptibility in the RPA approx-
imation (for low frequenies and high magneti elds) is
obtained by the analytial ontinuation,
χ′′
RPA
(ω)
ω
≈ π
2
α21h
(ω2 − h2)2 + π2hα21ω2
.
If we dene the deoherene time
T−12 =
π
2
hα21 , (C6)
we an identify the funtional form obtained in Eq. (25),
χ′′
RPA
(ω)
ω
≈ h/T2
(ω2 − h2)2 + 4ω2/T 22
,
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that leads to (26) if one replaes:
h → TA
α1 → α∗
T−12 → τ−1 =
π
2
TA(α
∗)2 . (C7)
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